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The comparison of results predicted by the SH and CL theories
shows that differences between them increase with the increase of
relative thickness, as well as with a rise in the number of an eigen-
mode (Figs. 1 and 2). For example, for the 0/90/0 lamination with
hi/h = 0.4 and h/a = 0.15, the frequency ratio associated with
the first vibrational mode &$/ Q^jf- = 1.16, whereas for the second
mode fijjjjy ^H — 1-56 (see Fig. la, graphs 2 and 4 and graphs 7
and 8).

The convergence of SH and CL results is observed with an in-
crease in 0 (Figs. 2a and 2b).
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Nomenclature
= 2nM x2nM state matrix
= damping n x n matrix of the system
= vector of the 2nM inputs
= vector of the n external forces
= stiffness n x n matrix of the system
= mass n x n matrix of the system
= vector of the n degrees of freedom

= m x 2n matrix formed by zeros and ones
: singular values of the O matrix
= vector of the 2nM states
= integer parameter that assumes the values 0 or 1
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fi = adimensional damping coefficients
coi = natural frequencies of the system
( ' ) = time derivative

I. Introduction

T HE optimization of the test setup in experimental modal ana-
lysis, the so called pretest analysis, is important to allow the

execution of vibration tests on large structures. To reduce measure-
ment time and cost, the test has to be performed using the least num-
ber of sensors and shakers that will identify the structural modes in
the measured frequency range.1 This paper issues the optimal lay-
out of sensors for experimental modal testing as a testbed for using
genetic-algorithm (GA)2-based procedures in the solution of sensors
and actuators optimal placement for adaptive structures design.3"5

In the pretest phase, only the results of numerical modal analysis
are available and used to look for the optimal sensors layout. The
sensors position defines the subset of measured degrees of freedom
(DOF) in the set of finite element mesh DOFs. Pretest analysis looks
for the best choice of the elements of this subset by assembling a
reduced experimental model defined by measured DOFs only. In
many actual problems the number of DOFs of the finite elements
model n is quite large, although the experimental measurements
can be performed just at few points. Thus, calling m the number of
measured points, m <^n. The problem of finding the best subset of
m measurement points in a n sized mesh belongs to the family of
combinatorial optimization which requires the simple combinations
of n elements in a class of m.

For real problems the number of independent solutions is very
large, and enumerative methods become computationally useless.
On the other hand, the discrete nature of this problem suggests the
avoidance of the use of analytical optimization methods both due to
the lack of gradient informations and robustness in direction find-
ing procedures. This kind of problem presents many local optima;
and gradient information allows local peaks to be reached leading
to solutions depending on the starting conditions. A more feasible
approach is represented by a combinatorial method, which treats
the coordinate of a grid node as a two-state variable. The latter can
be switched on, if chosen to a measure point, or switched off, when
inactive. By following this discrete formulation, several heuristic
methods have been proposed6'7 although most of them do not fit
completely in the combinatorial nature of the present task. In fact,
they cannot treat the whole set of measured DOFs as a single opti-
mization variable but treat each of its elements one at a time. The
drawback of finding local optima is overcome by using either simu-
lated annealing or other stochastic algorithms. These methods allow,
at least during the initial phase of the optimization, movement to-
ward nonimproving solutions. Moreover, the methods deal with a
set of points in solution space, thus avoiding that the solution to be
dependent on initial guess.8

Many features of the GA meet the discussed requirements and
thus, its suitability is suggested for solving these kind of problems.9
The features are summarized in the following points:

1) GA allows the direct treatment of the set of measured DOFs as a
single optimization variable, instead of assigning one variable to any
measured DOF. Moreover, a discrete problem can be implemented
by considering the integer numbers that represent the DOFs in the
finite element model as optimization variables.

2) Like other stochastic methods, GA evaluates at any iteration a
number of different solutions equal to the number of individuals of
the population. This fact guarantees that the solution will converge
to a sufficiently general optimum, regardless of the starting guess.
The optimization procedure is based only on the evaluation of the
objective function, without any need of gradient information.

3) GA shows all of the generality typical of simulated annealing
and other stochastic methods. Its strength comes from the use, be-
side these techniques, of evolutionary criteria in selection. This fact
guarantees a fruitful equilibrium in selecting good solutions among
the available ones and exploitation of new directions in solutions
space by generating new genetic material from well performing old
individuals.

4) The computational effort does not directly depend on the com-
binatorial order of the problem but is related to the size of the popula-
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tion. Finally, GA presents an intrinsic parallelism which permits an
easy exploitation of the massive parallelism of modern computers.

II. Problem Formulation
The dynamics of a mechanical system with n degrees of freedom

is ruled by the equation

Mq + Cq + Kq = F (1)

Equation (1) can be written in the nM modal coordinate 77 by com-
puting the HM eigenvalues that lie in the range of frequencies to be
measured10 and the n x HM matrix 0 of the related eigenvectors
normalized by

The second-order equation (1) can be transformed into two first-
order equations. The system is thus described in its state space by
the equation

(3)

and defined by

x = (77,77)

The vector y of the m outputs is obtained from the states by applying
an m x2nM output matrix C such as

y = Cx (4)

The role of the output matrix is to weight the states to select some
degrees of freedom or their time derivatives. In fact, Eq. (4) can also
be written as

Cx = <

The rank of the observability matrix O, defined by

= [C CA CA2 l ]

(5)

(6)

represents the most immediate index of observability of the system.
The system is fully observable if rank((9) = 2nM, although it is
not if the rank is lower.10 However, it does not give any information
about the level of observability. As an example, a sensor placed
near a modal shape node gives a small contribution to rank((9);
it is not zero but lower than any other different place would give.
Considering this fact, several authors11"13 proposed observability
indices to measure how much the system is observable. The one
used in this paper is defined by

I0 = min[svd(O)] (7)

The use of this index does not reduce the generality of the optimiza-
tion algorithm presented in this paper because of its independence
from the choice of the objective function. On the other hand, nei-
ther the observability index here implemented nor the many others
that can be used guarantee the correct reconstruction of the modal
shapes. In experimental modal analysis, measured DOFs are the
only available knowledge on the model. These measurement points
must be placed on the actual structure in a convenient layout, al-
lowing the identification of natural frequencies and the associated
mode shapes. The measured points are the nodes of the reduced test
mesh and must be properly connected in order to reconstruct both
the geometry of the structure and the measured mode shapes. Thus,
for any measured mode, beside the maximization of the observabil-
ity, a measure of the goodness in mode shapes reconstruction must

A=l
Fig. 1 Evaluation of the reconstruction index.

be evaluated. Hence, in implementing this method a modal recon-
struction index is computed. It is a penalty factor IR evaluated for
any individual of the population by

(8)

By denoting as j+ and j— the points of the reduced mesh nearest
to the jth sensor, A/ is 1 if

0j, 0j+> and 0j_ are the amplitudes of the z'th mode at points j, j+,
and j — . Hence, in accordance with Fig. 1, a sensor contributes to
the sum in Eq. (8) if a change of slope occurs, at least on one mode
shape, between it an its neighbor points. IR has a value between 0
and 1, which increases as the number of sensors that contribute to
Equation (8) increases. Its aim is to avoid the massing of sensors
and to foster their scattering on the structure to find the maximal
geometrical variety. Thus, starting from the complete finite elements
model and by selecting a modal base to be identified, any set of m
measured points is evaluated by computing the function

(10)

III. Genetic Algorithm
A GA is a method in which operators mimicking natural selection

guide the random search toward a favorable region in the solution
space. GA works over a population of nP points in the solution
space, rather than over a single one, and operates on their binary
codification by combining probabilistic and evolutionary rules. Ev-
ery point in the m dimensional solution space is coded as a binary
string made by m substrings, thus, well fitting the problem discussed
here. Every variable assumes only integer values, i.e., the number
of the DOF that is chosen to be measured. Hence, the number of bits
needed to represent an individual of the population is m times the
minimum needed to exceed the binary codification of n. GA eval-
uates and tests a population of individual strings at any iteration,
each string describing a point in the m dimensional solutions space.
In this paper, the fitness value of the ith individual, which is related
to the value of the objective function, is given by

fi = fi
(ID

The fitness value of each individual determines the probability of
survival in the next generation, i.e., the probability to be selected
as parent for chromosomes recombination. The evolutionary proce-
dure to determine the individuals of the new generation is obtained
by applying three classical operators in genetic evolution: reproduc-
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tion, crossover, and mutation presented in Ref. 2. The measure of
convergence s used in this paper is given by

s = I /max Javg I

I/max I
(12)

where /max is the best individual fitness and /avg is the average one.
Convergence is achieved when all of the individuals of a generation
are bound to a medium value. The allowed solution may not be the
best among all of those evaluated during the evolution. This could
seem to be a lack of robustness for this method, but many of the
optimization problems suitable for a GA approach have a set of
quasioptimal solutions instead of a dominant one. The procedure
must guarantee convergence to one of these practical, quasioptimal
solutions, and the dispersion of results over a set of feasible good
solutions is not a symptom of weakness of the method.

IV. Numerical Examples
To test the proposed method, some numerical examples are ana-

lyzed. Two populations of 250 and 500 individuals are tested by
considering 100 generations and the crossover and mutation rates
are fixed at 0.65 and 0.0015 (Ref. 14).

The pretest analysis of a square, uniform cantilever plate with dif-
ferent boundary conditions has been carried out. Figure 2 presents
the first five mode shapes of the cantilever plate. The identification
of the modes 1, 2, and 4 by three sensors note the importance of
the IR index. The sensors layout is represented by the symbol • in
Fig. 2 and proves the solution converges toward the right layout,
even when the last mode observability and reconstruction indices
disagree. In fact, major modal participation, hence observability, oc-

mode #5

Fig. 2 Cantilever uniform plate, mode shapes and sensors layout.

mode #3

Fig. 3 Uniform plate with two clamped sides, mode shapes and sensors
layout.

curs when the sensors are placed at the unconstrained corners albeit
poor information is available to reconstruct the central bump. The
symbol o in Fig. 2 represent the sensors layout for the simultaneous
identification of whole analyzed mode shapes by five sensors.

Another boundary condition, with two opposite sides clamped,
has been analyzed. The identification of the first three mode shapes
by three sensors is presented in Fig. 3.

V. Concluding Remarks
In this paper the features of GA and their major advantages

with respect to other analytical, heuristic, or stochastic optimization
methods have been pointed out. The algorithm has been applied
to solve a problem and has been proved to fulfill its properties:
the optimal placement of sensors in pretest analysis. A proper ob-
jective function has been defined to include both the requests of
observability of the reduced system and of geometrical reconstruc-
tion of the measured mode shapes. The results, although obtained
from simple examples, confirm all of the premises and are in ac-
cordance with physical experience. Moreover, the method here
presented seems to be directly suitable for the solution of more
general problems concerning the integrated optimization of sen-
sors' and actuators' placement and model reduction. Finally, the
codification of the optimization parameters by means of binary
strings allows both discrete and continuous variables to be dealt
with simultaneously and in a natural way. This fact opens the
way to interesting applications in modern integrated optimization,
avoiding heavy and unfeasible continuous treatment of discrete
variables.
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